In a classic paper, Gerstenhaber showed that first order deformations of an associative kalgebra a are controlled by the second Hochschild cohomology group of a. More generally, any n-parameter first order deformation of a gives, due to commutativity of the cup-product on Hochschild cohomology, a graded algebra morphism Sym
1 Main result
1.1
Let k be a field of characteristic zero and write ⊗ = ⊗ k , Hom = Hom k , etc. We will work with unital associative k-algebras, to be referred as 'algebras'; given such an algebra B, we write m B : B ⊗ B → B for the corresponding multiplication map.
Let a be an algebra. By a first order (one parameter) deformation of a we mean an algebra A flat over k[t]/(t 2 ), the ring of dual numbers, equipped with a k-algebra isomorphism ψ : A/t·A ∼ = a. Two first order deformations (A, ψ) and (A ′ , ψ ′ ) are said to be equivalent if there is a k Let (A, ψ) be a first order deformation of a. Define I A := Ker(m A ). This is an Abimodule, usually referred to as the bimodule of noncommutative 1-forms on A. It is well-known and easy to prove that I A is free as a right A-module; specifically, we have I A ≃ (A/k) ⊗ A is a free right A-module generated by the subspace A/k ⊂ I A formed by the elements a ⊗ 1 − 1 ⊗ a, a ∈ A.
Put O := k[t]/(t 2 ) and write k for the 1-dimensional O-module k = O/tO. Reducing each term of the short exact sequence 0 → I A → A⊗ A → A → 0 (of free right A-modules) modulo 't' on the right, one obtains the following short exact sequence of left A-modules
(1.1.1) Next, we reduce modulo 't' on the left, that is, apply the functors Tor This is an exact sequence of a-bimodules; the map u is induced by the imbedding I A ֒→ A ⊗ A, and the map ν : a = Tor
is the boundary map which is easily seen to be induced by the assignment a → a ⊗ 1 − 1 ⊗ a ∈ I A . Let Ext i a-bimod (a, a) denote the i-th Ext-group in a-bimod, the abelian category of abimodules. The group Ext 2 a-bimod (a, a) classifies a-bimodule extensions. Therefore, the extension in (1.1.2) gives rise to a class deform(A, ψ) ∈ Ext 2 a-bimod (a, a). The following theorem is an invariant reformulation of the classical result due to Gerstenhaber [G2] . Theorem 1.1.3 The map assigning to a (first order) deformation (A, ψ) the class deform(A, ψ) ∈ Ext 2 a-bimod (a, a) provides a canonical bijection between the set of equivalence classes of first order deformations of a and the space Ext Gerstenhaber stated his theorem in more down-to-earth terms involving explicit cocycles. To make a link with Gerstenhaber's original formulation, recall that any flat k[t]/(t 2 )-module is free. Hence, one may lift the isomorphism ψ to a k[t]/(t 2 )-module isomorphism A ≃ k[t]/(t 2 ) ⊗ a whose reduction modulo 't' equals ψ. Transporting the multiplication map on A to k[t]/(t 2 ) ⊗ a via such an isomorphism, we see that giving a first order deformation amounts to giving an associative truncated 'star product'
The associativity condition gives a constraint on β saying that β is a Hochschild 2-cocycle (such that β(1, x) = β(1, x) = 0). Changing the isomorphism A ≃ k[t]/(t 2 ) ⊗ a has the effect of replacing β by a cocycle in the same cohomology class. The cohomology groups of the Hochschild cochain complex are the groups Ext i a-bimod (a, a). This way, Gerstenhaber [G2] has established the following Theorem 1.1.5 The map assigning to a (first order) star product (1.1.4) the corresponding 2-cocycle β provides a bijection between the set of equivalence classes of first order deformations of an associative k-algebra a and the space Ext 2 a-bimod (a, a).
1.2
More generally, we may consider n-parameter first order deformations of a. Specifically, let O = k ⊕ m be a local k-algebra with maximal ideal m ⊂ O such that dim m = n and m 2 = 0. Write T := (m/m 2 ) * = m * for the tangent space to Spec O at the base point. (Here and below, we write E * for the k-linear dual of a k-vector space E).
By a first order deformation of a parametrized by Spec O we mean a flat O-algebra A equipped with a k-algebra isomorphism ψ : A/mA ∼ = a. Again, the isomorphism ψ may be lifted to an O-module isomorphism
Transporting the multiplication map on A via the isomorphism above, one gets a first order star product
Thus, any first order deformation of the algebra a parametrized by Spec O gives a linear map from the tangent space T to the space of Hochschild 2-cocycles. This way, one proves the following analogue of Theorem 1.1.5. Theorem 1.2.1 The map assigning the 2-cocycle β to a (first order) star product, as above, provides a bijection between the set of equivalence classes of first order deformations of a parametrized by Spec O and the vector space Hom T, Ext 2 a-bimod (a, a) .
1.3
Next, we consider the total Ext-group Ext
. This is a graded vector space that comes equipped with an associative algebra structure given by Yoneda product. Another fundamental result due to Gerstenhaber [G1] says
In view of this result, any linear map T −→ Ext 2 a-bimod (a, a), of vector spaces, can be uniquely extended, due to commutativity of the algebra Ext
, where Sym(T [−2]) denotes the commutative graded algebra freely generated by the vector space T placed in degree 2. We conclude that any first order deformation of a parametrized by Spec O gives rise, by Theorem 1.2.1, to a graded algebra homomorphism
The present paper is concerned with the problem of 'lifting' the morphism (1.3.2) to the level of derived categories. Specifically, we consider the dg-algebra RHom a-bimod (a, a), see Sect. 2.1 below, and also view the graded algebra Sym(T [−2]) as a dg-algebra with trivial differential. We are interested in lifting the graded algebra map (1.3.2) to a dg-algebra map Sym(T [−2]) → RHom a-bimod (a, a).
To this end, one has to consider infinite order formal deformations of a. Thus, we now let O be a smooth local k-algebra with maximal ideal m. We assume O to be complete in the m-adic topology, that is, O ∼ = lim proj n→∞ O/m n . The (finite dimensional) k-vector space T := (m/m 2 ) * may be viewed as the tangent space to Spec O at the base point.
Let A be a complete topological O-algebra, A ∼ = lim proj n→∞ A/m n A, such that, for any n = 1, 2, ..., the quotient A/m n A is a free O/m n -module. Given a unital k-algebra a and an algebra isomorphism ψ : a ∼ → A/mA, we say that the pair (A, ψ) is an infinite order formal deformation of a parametrized by the formal scheme Spec O.
Clearly, reducing an infinite order deformation modulo m 2 , one obtains a first order deformation of a parametrized by Spec(O/m 2 ).
The main result of this paper reads Theorem 1.3.3 (Deformation formality) Any infinite order formal deformation (A, ψ) of an associative algebra a parametrized by Spec O provides a canonical lift of the graded algebra morphism (1.3.2), associated with the corresponding first order deformation over Spec(O/m 2 ), to a dg-algebra morphism Deform :
We remark that, as opposed to the map deform in (1.3.2), the construction of the morphism Deform involves the full O-algebra structure on A, and not only the 'first order' deformation A/m 2 A.
The above Theorem was applied in [ABG] to certain natural deformations of quantum groups at a root of unity.
Generalities
2.1 Reminder on dg-algebras and dg-modules. Let [n] denote the shift functor in the derived category, and also the grading shift by n in a dg-algebra or a dg-module.
Let B = i∈Z B i be a dg-algebra. We write DGM(B) for the homotopy category of all dg-
) for the corresponding derived category obtained by localizing at quasi-isomorphisms. Given two objects M, N ∈ D(B), for any integer i we put Ext
has a natural algebra structure, given by composition.
Given an exact triangle ∆ :
is said to be projective if it belongs to the smallest full subcategory of DGM(B) that contains the rank one dg-module B, and which is closed under taking mapping-cones and infinite direct sums. Any object of DGM(B) is quasiisomorphic to a projective object, see [Ke] for a proof. (Instead of projective objects, one can use semi-free objects considered e.g. in [Dr, Appendices A,B] .) Given M ∈ DGM(B), choose a quasi-isomorphic projective object P . The graded vector space n∈Z Hom B (P, P [n]) has a natural algebra structure given by composition. Commutator with the differential d ∈ Hom k (P, P [−1]) makes this algebra into a dg-algebra, to be denoted REnd
). This dg-algebra does not depend, up to quasi-isomorphism, on the choice of projective representative P .
Given a dg-algebra morphism f :
) the pull-back functor given by change of scalars. The functor f * is the right adjoint of f * . These functors are triangulated equivalences quasi-inverse to each other, provided the map f is a dg-algebra quasi-isomorphism.
A B-bimodule is the same thing as a left module over B ⊗ B op , where B op stands for the opposite algebra. Thus, given a dg-algebra B, we write D(B ⊗ B op ) for the derived category of dg-bimodules over B.
2.2 Homological algebra associated with a deformation. Let O be either the algebra k[t]/(t 2 ) or the topological algebra k [[t] ] of formal power series. We fix a k-algebra a and let A be a deformation of a over Spec O (in the O = k[[t]] case, we assume A is an infinite order formal deformation of a which is topologically free over O).
Associated with A and a, we have the corresponding ideals I A ⊂ A ⊗ A and I a ⊂ a ⊗ a, respectively. We also have the canonical morphism u :
(1.1.2), and the object Cone(u) ∈ D(a ⊗ a op ). Since I a = Ker(m a ) and (1.1.2) is an exact sequence, we see that the morphism u factors as a composition of a surjective a-bimodule map k⊗ O I A ⊗ O k → I a followed by the tautological imbedding I a ֒→ a ⊗ a. Thus, from (1.1.2) we deduce Corollary 2.2.1 (i) There is a natural a-bimodule extension
We see that one may view the sequence (1.1.2) as an exact triangle
be the corresponding boundary map. In this language, the bijection of Theorem 1.1.3 assigns to a deformation (A, ψ) the class
The following interpretation of the morphism u will be of crucial importance later in this paper.
Thus, associated with a deformation (A, ψ), we have, cf. (2.2.2), a canonical exact
with boundary map ∂ A,ψ , and the bijection of Theorem 1.1.3 reads
Further, since A is free over O, on the category of left A-modules one has an isomorphism of functors
We are now in a position to establish a link between Theorems 1.1.3 -1.1.5. Let the vector space A = k[t]/(t 2 )⊗a be equipped with an algebra structure given by a star product as in (1.1.4) for some cocycle β : a ⊗ a → a (normalized so that β(1, a) = 0, ∀a ∈ a).
It is easy to see that the vector space identification of A with k[t]/(t 2 ) ⊗ a provides a vector space splitting of the extension in Proposition 2.2.3; in other words, we get a vector space direct sum decomposition k ⊗ O I A ⊗ O k = a ⊕ I a . The resulting a-bimodule structure on a ⊕ I a is given by the formula
The map ν, resp. u, in (1.1.2) corresponds to the natural imbedding a → a ⊕ 0, resp., to the composite of the second projection a ⊕ I a → I a followed by the imbedding I a ֒→ a ⊗ a.
This way, we see that the bijections of Theorem 1.1.3 and of Theorem 1.1.5 correspond to each other under the identifications above.
2.3 A dg-algebra. Let O be a smooth complete local k-algebra with maximal ideal m ⊂ O. There is a standard super-commutative dg-algebra R concentrated in non-positive degrees and such that 
Let ξ denote the Euler vector field on T . Contraction with ξ gives a differential d :
, and it is well-known that the algebra of differential forms is acyclic with respect to this differential, i.e., property (2.3.1)(ii) holds true. Properties (2.3.1)(i) and (iii) are clear.
One has a natural augmentation
and condition (2.3.1)(ii) says that the composite map above induces an isomorphism on cohomology
Next, we form the dg-algebra R ⊗ O R, and let R ∆ ⊂ R ⊗ O R denote the diagonal copy.
Further, let Λ = ∧ • (T * [1]) be the exterior algebra of the vector space T * , placed in degree −1. Let Λ + denote the augmentation ideal in Λ, and set k ∧ := Λ/Λ + , the trivial 1-dimensional Λ-module. We will often view Λ as a dg-algebra with zero differential (and concentrated in degrees ≤ 0).
Lemma 2.3.2 There is a (non-canonical) dg-algebra imbedding
(ii) The kernel of multiplication map m R : R ⊗ O R → R is the ideal in the algebra R ⊗ O R generated by ı(Λ + ).
, where the last factor ∧(T * [1]) corresponds to the anti-diagonal copy
. Further, it is clear that this anti-diagonal copy of T * [1] is annihilated by the differential in the dg-algebra R ⊗ O R. We deduce that the subalgebra generated by the anti-diagonal copy of T * [1] is isomorphic to Λ as a dg-algebra. This immediately implies properties (i)-(ii).
Recall next that the standard Koszul resolution of k ∧ provides an explicit dg-algebra model for REnd [BGG], [GKM] . Thus, the imbedding yields a dg-algebra quasi-isomorphism
provided the graded algebra Sym(T [−2]) is viewed as a dg-algebra with zero differential.
Proofs

3.1
Fix an associative algebra a, a complete smooth local k-algebra O, and let (A, ψ) be an infinite order formal deformation of a parametrized by Spec O.
We form a tensor product Ra := R ⊗ O A. This is an associative algebra; furthermore, the differential and the grading on the first factor R make Ra a dg-algebra such that the subalgebra A ⊂ Ra is placed in degree zero. Since A is flat over O, we have
Ra → a, to be thought of as a dg-algebra 'resolution' of a. The quasi-isomorphism p gives rise to a pair of adjoint functors p * , p * : D(Ra ⊗ Ra op ) ⇆ D(a ⊗ a op ), which are both equivalences quasi-inverse to each other.
From now on, we choose and fix an imbedding Λ ֒→ R ⊗ O R, as in the Lemma 2.3.2. Applying the functor (−) 
(3.1.1)
We have the following natural commutative diagram of dg-bimodules over Ra
(3.1.2) where, ǫ ∧ : Λ ։ k ∧ is the augmentation. Using the isomorphisms in the top row of the diagram, we may view any (R ⊗ O R) ⊗ O A-module as an Ra-bimodule.
With this understood, we introduce the following functor that will play a key role in our proof of Theorem 1.3.3
Observe that since (R ⊗ O R) ⊗ O A = Ra ⊗ Λ, for any dg-module M over Λ, at the level of vector spaces, one has
This isomorphism does not exhibit, however, the Ra-bimodule structure on the object on the right.
Proposition 3.1.4 For any infinite order deformation (A, ψ), there is a natural isomor-
, that makes the following diagram commute
In the diagram above, we write koszul for the map on cohomomology induced by the quasi-isomorphism Koszul defined in (2.3.3).
3.2 Proposition 3.1.4 implies Theorem 1.3.3. To see this, we observe that the functors Θ and p * provide us not only with the maps between the Ext-groups which occur in diagram (3.1.5), but also with the lifts of those maps to dg-algebra morphisms: 
is equal to the map deform, by commutativity of diagram (3.1.5). Thus, the morphism Deform yields a dg-algebra morphism as required by Theorem 1.3.3.
3.3 Proof of Proposition 3.1.4. First of all, in D(Λ), we have a morphism π : Λ ։ Λ/Λ + =: k ∧ . Applying the functor Θ to this morphism, by formula (3.1.3), we get the following morphism in D(Ra ⊗ Ra op ):
⊗ Λ may be replaced here by the ordinary tensor product ⊗ Λ . We see that the above morphism Θ(π) becomes nothing but the vertical map Id R⊗ O R ⊗ ǫ ∧ in diagram (3.1.2). Hence, from the isomorphisms in the diagram we deduce that the morphism Θ(π) may be identified with the leftmost vertical arrow in diagram (3.1.2), that is, we have
In particular, we get the following quasi-isomorphisms
Write g for the composite, and let can p : Ra qis −→ p * a be the map p viewed as a morphism in D(Ra ⊗ Ra op ). We define f A,ψ to be the composition of the following isomorphisms
We claim that, with this definition of f A,ψ , diagram (3.1.5) commutes. Observe that all the maps in the diagram are clearly algebra homomorphisms. Hence, it suffices to prove commutativity of (3.1.5) for the generators of the algebra Sym(T [−2]), that is, we must prove
We prove this in the 1-dimensional case first. Thus, we assume O = k [[t] ], so T * = m/m 2 is a 1-dimensional vector space with a chosen base vector t. The algebra Λ = ∧ • (T * [1]) is 2-dimensional, and we have a canonical extension of graded Λ-modules
We use the base element t ∈ T * to identify T * with k. This way, we may view (3.3.4) as an exact triangle ∆ π :
for the corresponding boundary map.
The identification T * = k induces an identification k ∼ → T , so we have a well-defined element 1 ∈ T . It is well known and straightforward to verify that the isomorphism koszul : On the other hand, by Proposition 2.2.3, we know that the class deform(A, ψ) ∈ Ext 2 a⊗a op (a, a) of our deformation, is given by the boundary map ∂ A,ψ in the triangle ∆ A,ψ . Using the isomorphism of exact triangles established above, we deduce that, in Ext 2 Ra⊗Ra op (p * a, p * a), one has
Applying the functor p * to all terms of this formula, and using the adjunction identity p * p * deform(1) = deform(1) yields (3.3.3) in the 1-dimensional case.
3.4 Reduction to 1-parameter deformations. Now, let O be a smooth complete local algebra of an arbitrary dimension n ≥ 1.
From now on, we choose and fix an algebra isomorphism
. We also choose a one dimensional space T ′ and an imbedding q : T ′ ֒→ T . We indicate by prime various objects associated with T ′ , e.g., we write
Given a deformation (A, ψ) over Spec O, we put
is a deformation of a parametrized by Spec O ′ , and we have the corresponding functors Θ ′ and p ′ , etc. There are natural algebra projections 
To this end, we recall the objects that appear in diagram (3.1.2), and set
3.2(i), and its analog for R ′ , we find
where in the last equality we have used that R ⊗ O R is free as an R ∆ ⊗ Λ-module. From this formula we easily deduce
Now, the projection q R : R → R ′ induces a map
This is a morphism of (Ra ⊗ Ra
Equivalently, in terms of the functors Θ and Θ ′ , the above morphism reads
Observe that the map q R : R → R ′ is clearly a quasi-isomorphism. We deduce that the morphisms φ and Φ M = φ ⊗ Id M are also quasi-isomorphisms. The collection of quasi-isomorphisms Φ M , M ∈ D(Λ ′ ), defines the required isomorphism of functors Φ :
Next, write k ′ , resp. k, for the trivial Λ ′ -module, resp. Λ-module, and introduce simplified notation Ext(M ) := Ext(M, M ).
We consider the following diagram
w w n n n n n n n n n n n n To complete the proof of (3.3.3), we must show that the parallelogram on the right of diagram (3.4.2) commutes, that is, one has deform = f A,ψ • p * • Θ • koszul.
This follows (using the natural isomorphisms p * p * = Id and p ′ * (p ′ ) * = Id) from the following 5 statements:
(1) The parallelogram on the left of diagram (3.4.2) commutes, i.e., we have deform Here, statement (1) holds since, by assumption we have dim T ′ = 1, and the 1-parameter special case of (3.3.3) has been already proved earlier, in §3.3. Statement (2) is equivalent to the definition of the isomorphism of functors Φ constructed earlier.
Finally, statements (3), (4), and (5) easily follow from definitions, cf. esp. (3.3.2); their verification is left for the reader.
That completes the proof of (3.3.3), hence, the proof of commutativity of diagram (3.1.5), hence, the proof of the main theorem.
